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Do the graph classes of
weak & strong fan-planarity coincide?




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lll) ...



Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

/)




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

A




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

Lemma [Binucci et al. 2015].

Let P be the planarization of any weakly
fan-planar drawing of K~. Then, between
any pair of vertices of K-, there exists a
path in P that contains no real edge of K.




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

Lemma [Binucci et al. 2015].

Let P be the planarization of any weakly
fan-planar drawing of K~. Then, between
any pair of vertices of K-, there exists a
path in P that contains no real edge of K.




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

Lemma [Binucci et al. 2015].

Let P be the planarization of any weakly
fan-planar drawing of K~. Then, between
any pair of vertices of K-, there exists a
path in P that contains no real edge of K.




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

Lemma [Binucci et al. 2015].

Let P be the planarization of any weakly
fan-planar drawing of K~. Then, between
any pair of vertices of K-, there exists a
path in P that contains no real edge of K.

A%
/>

S

R
~




Weak Fan-Planarity: Forcing Hearts

WA
9
A\

S

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

Lemma [Binucci et al. 2015].

Let P be the planarization of any weakly
fan-planar drawing of K~. Then, between
any pair of vertices of K-, there exists a
path in P that contains no real edge of K.




‘0
2
‘0
*

/\
\ ‘37
N/

A\

/\

Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

Lemma [Binucci et al. 2015].

Let P be the planarization of any weakly
fan-planar drawing of K~. Then, between
any pair of vertices of K-, there exists a
path in P that contains no real edge of K.



Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

... equivalent to a graph G’ where
red edges are uncrossed




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

... equivalent to a graph G’ where
red edges are uncrossed

We could still choose a
different outer face




Weak Fan-Planarity: Forcing Hearts

We start with a pattern (lIl)
and want to prevent an edge flip

Red edges are replaced by K~

... equivalent to a graph G’ where
red edges are uncrossed

We could still choose a
different outer face




Weak Fan-Planarity: Forcing Hearts




Weak Fan-Planarity: Forcing Hearts





























































Weak vs. Strong Fan-Planarity

Weakly Fan-Planar

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak vs. Strong Fan-Planarity

[Kaufmann and Ueckerdt, 2014]
Weakly Fan-Planar .._/ Fan-planar graphs: |E| < 5n — 10

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak vs. Strong Fan-Planarity

[Kaufmann and Ueckerdt, 2014]
Weakly Fan-Planar .._/ Fan-planar graphs: |E| < 5n — 10

)

[Angelini et al., 2014] Bipartite fan-planar
graphs: |E| < 4n — 12

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak vs. Strong Fan-Planarity

Adjacency-Crossing

[Kaufmann and Ueckerdt, 2014]
Weakly Fan-Planar ._/ Fan-planar graphs: |E| < 5n — 10

)

[Angelini et al., 2014] Bipartite fan-planar
graphs: |E| < 4n — 12

[Brandenburg, 2020] Adjacency-crossing
graphs with m edges: construction of
fan-planar graph with the same # of edges

€
Theorem. There exists a weakly fan-planar

graph that does not admit a strongly
fan-planar drawing. (|)



Weak vs. Strong Fan-Planarity

Adjacency-Crossing

[Kaufmann and Ueckerdt, 2022]
Fan-planar graphs: |E| < 5n — 10

)

[Angelini et al., 2014] Bipartite fan-planar
graphs: |E| < 4n — 12

Weakly Fan-Planar

[Brandenburg, 2020] Adjacency-crossing
graphs: construction of fan-planar graphs
with the same # of vertices & edges
—|E| < 5n — 10

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak vs. Strong Fan-Planarity

Adjacency-Crossing

[Kaufmann and Ueckerdt, 2022]
Fan-planar graphs: |E| < 5n — 10

k)

[Angelini et al., 2014] Bipartite fan-planar
graphs: |E| < 4n — 12

Weakly Fan-Planar

[Brandenburg, 2020] Adjacency-crossing
graphs: construction of fan-planar graphs
with the same # of vertices & edges
—|E| < 5n — 10

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak vs. Strong Fan-Planarity

Adjacency-Crossing

[Kaufmann and Ueckerdt, 2022]
Fan-planar graphs: |E| < 5n — 10

k)

[Angelini et al., 2014] Bipartite fan-planar
graphs: |E| < 4n — 12

Weakly Fan-Planar

[Brandenburg, 2020] Adjacency-crossing
graphs: construction of fan-planar graphs
with the same # of vertices & edges
—|E| < 5n — 10

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak vs. Strong Fan-Planarity

Adjacency-Crossing

[Kaufmann and Ueckerdt, 2022]
Fan-planar graphs: |E| < 5n — 10

k)

[Angelini et al., 2014] Bipartite fan-planar
graphs: |E| < 4n — 12

Weakly Fan-Planar

[Brandenburg, 2020] Adjacency-crossing
graphs: construction of fan-planar graphs
with the same # of vertices & edges
—|E| < 5n — 10

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak vs. Strong Fan-Planarity

Adjacency-Crossing

[Kaufmann and Ueckerdt, 2022]
Fan-planar graphs: |E| < 5n — 10

Weakly Fan-Planar

......
------
.....

.....

[Angelini et al., 2014] Bipartite fan-planar
graphs: |E| < 4n — 12

[Brandenburg, 2020] Adjacency-crossing
graphs: construction of fan-planar graphs
with the same # of vertices & edges
—|E| < 5n — 10

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak vs. Strong Fan-Planarity

Adjacency-Crossing

[Kaufmann and Ueckerdt, 2022]

Weakly Fan-Planar Fan-planar graphs: |E| < 5n — 10

------

.....

[Angelini et al., 2014] Bipartite fan-planar
graphs: |E| < 4n — 12

[Brandenburg, 2020] Adjacency-crossing
graphs: construction of fan-planar graphs
with the same # of vertices & edges
—|E| < 5n — 10

Theorem. There exists a weakly fan-planar
graph that does not admit a strongly
fan-planar drawing.



Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)



Edge Density

Weak Fan-Planarity

Induction on the # of edge triples forming pattern (lll)

A heart formed by ey, e,- and e




Edge Density

Weak Fan-Planarity

Induction on the # of edge triples forming pattern (lll)

planar

A heart formed by ey, e,- and e




Edge Density

Weak Fan-Planarity

Induction on the # of edge triples forming pattern (lll)

planar

A heart formed by ey, e,- and e

Right valve




Edge Density

Weak Fan-Planarity

Induction on the # of edge triples forming pattern (lll)

planar

A heart formed by ey, e,- and e

Right valve

Q
=
O
>
o
-
Q
—l




Edge Density

Weak Fan-Planarity

Induction on the # of edge triples forming pattern (lll)

planar

A heart formed by ey, e,- and e

Right valve

Q
=
O
>
o
-
Q
—l




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

First step, we eliminate certain configurations:




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

G
Input: Let G = (V, E) be a (preprocessed) graph

on n vertices;
admitting a weakly fan-planar drawing I;
with the least number of pattern (lll)

{0 W



Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

G

Input: Let G = (V, E) be a (preprocessed) graph
on n vertices;

admitting a weakly fan-planar drawing I;

with the least number of pattern (lll)

Induction Hypothesis: |E| < 5n — 10

{0 W



Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

G
Input: Let G = (V, E) be a (preprocessed) graph

on n vertices;
admitting a weakly fan-planar drawing I;
with the least number of pattern (lll)

Induction Hypothesis: |E| < 5n — 10

Base case: G is strongly fan-planar, so: ce wh '
FE| < b5n — 10




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

G
Input: Let G = (V, E) be a (preprocessed) graph

on n vertices;
admitting a weakly fan-planar drawing I;
with the least number of pattern (lll)

Induction Hypothesis: |E| < 5n — 10

Base case: G is strongly fan-planar, so: ce wh '
FE| < b5n — 10

Induction step (roughly): G is split into two weakly
fan-planar graphs G1 and GG, amounting combined to
the same number of edges as G, which contain less
triples forming pattern (ll1):

E(G)| = |E(G1)| + |E(G2)]




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

G
Input: Let G = (V, E) be a (preprocessed) graph

on n vertices;
admitting a weakly fan-planar drawing I;
with the least number of pattern (lll)

Induction Hypothesis: |E| < 5n — 10

Base case: G is strongly fan-planar, so: ce wh '
FE| < b5n — 10

Induction step (roughly): G is split into two weakly
fan-planar graphs G1 and GG, amounting combined to
the same number of edges as G, which contain less
triples forming pattern (ll1):

E(G)| = |E(G1)| + |E(G2)]




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

E(G)| = |E(G1)| + |E(G2) G2




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

E(G)| = |E(G1)| + |E(G2) G2




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

mmEmEEEEEEDE ... LAY e e,y
_---- ---..........
...
......
"‘ m E E E N E NN NN ....
“ -__---- -----.__.
L 2 ---- .....
s’ =" SeEa,
o' "' .....
2 e” "
L 4 ,‘
’é ‘4
EEEEm
o '4 --_---- -----.....
4 . - oy
o P ‘ﬂ ....
o 4 DS N
4 S i
¢ X4 g e
Y P ' S
Y 4 ¥4 é' Sag,
Y e " il
4 04 P
¢ ¢ .
¢ ! 4
’ 4 X4
L 4 X 4
" Y 4
' ' ‘“““lllllllllll“,“
q ¢ W ",
b s w e,
LA | "'I
4 ‘%,
2,
l"
l"
l"
L]
iy
my

¥, 7
4,
4,
', 4,
4,
e,
e,
e,
s,

e,

s,

gIIIIIIIlllIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

"
L
e
L
“
“
"
-
-
-
"' ---
=" amm==
-------- -------
EEEEEEEE L
o D e e s sEEEEEEEEEEEE
4
A 3
2
 J
~§
L 2
~~
L




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

E(G)| = |E(G1)| + |E(G2) G2




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

E(G)| = |E(G1)| + |E(G2) G2

< 5(n — |V(G2)[ +2) =10+ 5(|V(G2)|) — 10




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

E(G)| = |E(G1)| + |E(G2) G2

< 5(n — |V(G2)[ +2) =10+ 5(|V(G2)|) — 10




Weak Fan-Planarity: Edge Density
Induction on the # of edge triples forming pattern (lll)

E(G)| = |E(G1)| + |E(G2) G2

< 5(n — [V(G2)| +2) =10+ 5(|V(G2)|) — 10
= 5n — 10




Conclusion



Conclusion

Theorem 1. There exists a weakly fan-planar graph that does not admit a strongly
fan-planar drawing.



Conclusion

Theorem 1. There exists a weakly fan-planar graph that does not admit a strongly
fan-planar drawing.

Theorem 2. A weakly fan-planar graph GG with n vertices has at most 5n — 10 edges.



Conclusion

Theorem 1. There exists a weakly fan-planar graph that does not admit a strongly
fan-planar drawing.

Theorem 2. A weakly fan-planar graph GG with n vertices has at most 5n — 10 edges.

Theorem 3. An n-vertex bipartite weakly fan-planar graph has at most 4n — 12 edges.



Conclusion

Theorem 1. There exists a weakly fan-planar graph that does not admit a strongly
fan-planar drawing.

Theorem 2. A weakly fan-planar graph GG with n vertices has at most 5n — 10 edges.

Theorem 3. An n-vertex bipartite weakly fan-planar graph has at most 4n — 12 edges.




What has been...




What has been...




What has been...




What has been...




i

What has been...




.
ot

What has been...

...What's next




What has been...

1%
g

nig)
o

oy

S

e

L

...What's next

Survey on weak and strong fan-planarity



Thank you!

Happy to take your questions
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