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Introduction

partition of edges into k pages

k-Page Book Embedding 9
o)

no page contains crossing edges

color a graph G: adjacent vertices have a different color
find smallest number of colors s.t. G can be colored

CIRCLE GRAPH

vertices of G represented as chords on a circle

two chords cross < vertices are adjacent
COLORING

o
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o
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partition of edges into k pages

k-Page Book Embedding 9
o)

no page contains crossing edges

CIRCLE GRAPH
vertices of G represented as chords on a circle
two chords cross < vertices are adjacent
k=COLORING — NP-complete (for k > 3)
o

color a graph G: adjacent vertices have a different color
can G be colored using at most k colors? o
(0)

Unger (1990):
4-coloring problem NP-complete for circle graphs

claimed 3-coloring solvable in O(nlogn) time for circle graphs ©
— proofs for 3-coloring were never published in an archival paper, only in his PhD Thesis
— unfortunate state of affairs pointed out by David Eppstein and Dujmovic¢, Pér, Wood
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W constraints for c;yx ensure 3-coloring for subgraphs Caux(Vv, w) = false
G
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solve|2-SAT|instance to get values for c*
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use backtracking to compute c5yx for cycles of length > 5 N I:I
Vo V3 Vo V3
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(VoVa V VoV3)A VoVo V V1V3

SAT formula is satisfiable < graph is 3-colorable (=VoV, V =VV3)

backtracking tree has O(logn) leaves

G
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Our contribution: counterexamples to both claims
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V3Vy4 V V3V5
V1V V V1V7y
VaVe V V4V7y
Vs5Vg V V5V7y

A\
A\
A\
A\
N\
A

V1Vo V V3V )N
V1Vy V V3V5)A

)
)
)
)
)
)
)
)

—V3V4 V =V3V5)A
—V1Vg V —V1V7)A
—VgVe V —VaV7)A
—V5Vg V —V5V7)A
—V5Vg V = V5V7)A
—V3aV7 V —V5V7)A

P e e Y e Y e

(VOV2 V VOV3)/\
(~VoV2 V ~VoV3)

True | False
ViV>y | V1V
V1iV7 | VyaVy
VoVs5 | V5V
V3Vy4 | V3V5
V4Veg
VgV7
VgVg
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T
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L
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7 ﬁvl : \iz )
T
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Second Counterexample - Backtracking

Claim 2. Backtracking tree has O(logn) leaves

cycles of length > 5 produce larger clauses
Unger proposes modified backtracking algorithm

jump in tree when all literals in clause are set to false
if no such variable exists, algorithm reports not 3-colorable

h(vz, vs)

T 1
T bt v
T T,
h(vy, va) h(v,.Va)
T, T 1
h(V]_/V3) Vl V3) ’\h(VL V3)

h(\Z Vs) h(vl Vs) \(vl Vs) h(v{ v5)
/ \h(v2.v3) y \LVZ v3) / \VZ v3) l h(vy, v3)
7 #Vl V2) / \vl v2) / \vl v2) 0/ \Vl V2)
/ \(%/3 Vs) / (V3, Vs) / (V3, Vs) (V3 Vs)
.7 \LO / \\L/z Vqg) vZ/ Vqg) /%
AN 7

(v3,Vvs) vV h(vy, vs) v h(vy, v3) v h(vy, va)
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Claim 2. Backtracking tree has O(logn) leaves

cycles of length > 5 produce larger clauses
Unger proposes modified backtracking algorithm
jump in tree when all literals in clause are set to false
if no such variable exists, algorithm reports not 3-colorable

order in which variables are assigned is not specified
h(v3, vs)

T 1
h(vi,vy) (V1,Va)
T T,
h(vy, va) h(Vz Va)
h(V]_ V3) V]_ V3 h(V]_, V3)

h(\Z Vs) h(vl Vs) \(vl Vs) h(v{ v5)
/ \h(v2.v3) y \LVZ v3) / \VZ v3) l h(vy, v3)
7 #Vl V2) / \vl v2) / \vl v2) 0/ \V1 V2)
/ \(%/3 Vs) / (vs, v5) / (V3, Vs) / (V3 Vs)
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Second Counterexample - Backtracking

Claim 2. Backtracking tree has O(logn) leaves

cycles of length > 5 produce larger clauses
Unger proposes modified backtracking algorithm
jump in tree when all literals in clause are set to false
if no such variable exists, algorithm reports not 3-colorable

order in which variables are assigned is not specified
h(v3, vs)

T 1
h(v1,v4) (v1,Vvs)
T T
/‘%V]_ V3) V]_ V3 h}vlv V3)
Vi V3 \
h(vy, vs) h(Vl Vs) (v1,Vs) h(vy, V5)

/ \h(v2.v3) y \LVZ v3) / \VZ v3) l h(vy, v3)
s V4 7 #vl V7) / \vl v2) / \vl v2) 0/ \V1 V2)
/ \(%/3 Vs) / (V3, v5) / (V3, Vs) / (V3 Vs)
o/ \ / (V2,Vvy) vz/ Vya) / %

backtracking might report Cs not to be 3-colorable / \ / \.
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Fig. 1. Number of leaves in Unger’s
backtracking tree.
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Fig. 2. Instances solved by regular
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#backtracking leaves likely not consistent with claimed O(logn) upper bound

no solution for all but one instance

regular backtracking fails to compute solution for |V| > 50 within one hour

less than 20% of SAT solutions gave valid colorings
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Open Problems
3-coloring circle graphs
complexity of 3-coloring circle graphs with no induced cycles C, where k > 4
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