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Simple drawings

Simple drawings (simple topological graphs, good drawings):

e Vertices are disjoint points, edges are Jordon arcs
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Simple drawings

Simple drawings (simple topological graphs, good drawings):
e Vertices are disjoint points, edges are Jordon arcs
e Edges don't pass through other vertices
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Describing simple drawings — types of isomorphisms

7 01 Rotation ... Cyclical order of
\ rs incident edges
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Describing simple drawings — types of isomorphisms

Rotation ... Cyclical order of
Incident edges
Rotation around 71: b1 bs b3
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Describing simple drawings — types of isomorphisms

rs Incident edges

& 01 Rotation ... Cyclical order of
Rotation around 71: b1 bs b3

Rotation System ... Collection of
the rotations of all vertices.
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Describing simple drawings — types of isomorphisms

rs Incident edges

& 01 Rotation ... Cyclical order of
Rotation around 71: b1 by bs

Rotation System ... Collection of
the rotations of all vertices.

Two labelled simple drawings are
RS-isomorphic iff they have the
same or Inverse rotation systems.
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Describing simple drawings — types of isomorphisms

T by Two labelled simple drawings are
\ 3 RS-isomorphic iff they have the
same or Inverse rotation systems.
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Describing simple drawings — types of isomorphisms

T by Two labelled simple drawings are
\ "3

RS-1somorphic iff they have the
same or Inverse rotation systems.
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b ry T3 T9 bo L T2 T3
b3 rL Trs T2 b3 ry T2 T3
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Implications between isomorphisms
RS.... Rotation System
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Describing simple drawings — types of isomorphisms

Two labelled simple drawings are CE-isomorphic (a.k.a. weakly
isomorphic) iff they have the same crossing edge pairs.
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Implications between isomorphisms
CE.... Crossing Edge pairs (RS)

(CE)
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Describing simple drawings — types of isomorphisms
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Describing simple drawings — types of isomorphisms

T 01 Rotation ... Cyclical order of
c1 rs Incident edges
Rotation around 71: b1 by bs
o\ 2 Rotation around c1: 71 by by 15
b Two labelled simple drawings are

CR-1somorphic iff either all crossings
have the same rotations or all
crossings have inverse rotations.

Isomorphisms of simple drawings of complete multipartite graphs GD’'23 O. Aichholzer, B. Vogtenhuber, and A. Weinberger m




Implications between isomorphisms

(CE)
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Implications between isomorphisms

CR.... Crossing Rotations A

(CE)
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Describing simple drawings — types of isomorphisms

Rotation ... Cyclical order of
Incident edges

Rotation around 71: b1 bs b3
Rotation around Ci1:- T bl b2 T9

Extended rotation system ...
Collection of the rotations of all
vertices and crossings.

C1 . T bl bQ T2
Co . T b1 bg )
C3 . (&1 bg bg T2
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Describing simple drawings — types of isomorphisms

Rotation ... Cyclical order of
Incident edges

Rotation around 71: b1 by bs
Rotation around cq1: 71 b1 by 79

Extended rotation system ...
Collection of the rotations of all
vertices and crossings.

Two labelled simple drawings are
ERS-isomorphic iff they have the
same or inverse extended rotation
systems.
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Implications between isomorphisms

RN

(CE)

Isomorphisms of simple drawings of complete multipartite graphs GD’23 O. Aichholzer, B. Vogtenhuber, and A. Weinberger m




Implications between isomorphisms

ERS.... extended rotation
system

(CE)
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Describing simple drawings — types of isomorphisms

Two labelled simple drawings are CO-isomorphic iff for each edge the
order in which it crosses other edges Is the same.

T9 b3
() (|
" @ =N
(] (©)
bQ r3
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Describing simple drawings — types of isomorphisms

Two labelled simple drawings are CO-isomorphic iff for each edge the
order in which it crosses other edges Is the same.
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(> b3 T 3
0 m
e mH, = rs  bo
o m
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Describing simple drawings — types of isomorphisms

Two labelled simple drawings are CO-isomorphic iff for each edge the
order in which it crosses other edges Is the same.
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Implications between isomorphisms

RN

(CE)
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Implications between isomorphisms

CO.... Crossing Order A

(CE)
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Describing simple drawings — Types of isomorphism

Two labelled simple drawings are strongly isomorphic iff
there exists a homeomorphism of the sphere such that one drawing is
mapped to the other.
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Describing simple drawings — Types of isomorphism

Two labelled simple drawings are iff

there exists a homeomorphism of the sphere such that one drawing is
mapped to the other.

Two labelled simple drawings of connected graphs on the sphere
are iff

1. They are ERS-isomorphic and

2. CO-isomorphic.v

1) [J. Kyn&l 2011]
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Implications between isomorphisms

RN

(CE)
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Implications between isomorphisms

strong Iso.

(CE)
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Describing simple drawings — Types of isomorphism

Unlabelled simple drawings are isomorphic w.r.t. some type of
isomorphism iff 4 labeling s.t. labelled drawings are isomorphic w.r.t.
that type.
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Implications between isomorphisms

RN

(CE)
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Implications between isomorphisms

For the complete graph: A

(CE)
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Implications between isomorphisms
For the complete graph: A
ERS <=> CE <=> RS
<=> CR

[E. Gioan 2005, 2022], [J. Kyn&l 2013]

(CE)
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Implications between isomorphisms
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Implications between isomorphisms

AN

For the complete graph:

ERS <=> CE <=> RS
<=> CR

[E. Gioan 2005, 2022], [J. Kyn&l 2013]

CO <=> strong iso.

J

D (CE)
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Implications between isomorphisms

multipartite graphs:

(CE)
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Implications between isomorphisms

multipartite graphs:

RS + CO => strong iso.

(CE)
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Implications between isomorphisms

multipartite graphs:

RS + CO => strong iso.

If each partition class
has > 3 vertices:
CE=>RS

CR => ERS

CO => strong iso.
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Implications between isomorphisms

multipartite graphs:

RS + CO => strong iso.

If each partition class
has > 3 vertices:
CE=>RS

CR => ERS

CO => strong iso.

For Kg,ni ERS =>

- 1
strong iso. =1 (CE)
1) [O. Aichholzer, M.K. Chiu, H. Hoang, M. Hoffmann, J. Kyné&l, Y. Maus, B. Vogtenhuber, A.W. 2023]
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Implications between isomorphisms

For complete

multipartite graphs:
Proof sketch time :-)

RS + CO => strong iso.

If each partition class
has > 3 vertices:
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CR => ERS

CO => strong iso.
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Implications between isomorphisms

For complete

multipartite graphs:
Proof sketch time :-)

RS + CO => strong iso.

If each partition class

has > 3 vertices:
CE => RS =] Let's prove this one!

CR => ERS
CO => strong iso.

For Kg,n: ERS =>
strong iso.?
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In each partition class at least 3 vertices: CE — RS
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In each partition class at least 3 vertices: CE =— RS
True for (labelled) drawings of K3 3.
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In each partition class at least 3 vertices: CE =— RS

True for (labelled) drawings of K3 3.

Computationally check all!) 102 unlabelled drawings
with all labellings (72 each).

1) [Harborth 1976]
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.

1@ B,
7@ mbo
3@ mb3

(0] a8

(0] =

(0] =

(0] a8

(] =

(0]
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.

710 B, Use Kg)gi
29 .b2 T17T27T37b17b27b3
3@ lbg

() =

() =

(0] =

() =

@ =

()
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.

le' by Use Kg)gi
T'Qk' b2 T17T27T37b17b27b3
Tgkv bg

(&) =

(&) =

() O

(& =

(&} =

(&)
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.

1 by Use Kg)gi
r b
2 2 T17T27T37b17b27b3
" b3 by by b
° - r1,72,73,01,04, 04
() =
() =
Q@ =
() =
()
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True for complete bipartite graphs.
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True for complete bipartite graphs.
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True for complete bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.

Use Kg)gi

ry,T2,73, b17 b27 b?)

r1,72,73,01,b;,0;

Tlariarj7b17b27b3
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.
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=
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True for complete bipartite graphs.

......f?&%
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.

Use Kg)gi
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.

r Use Kg)gi
r
r1,72,73,01,b2,b3
r
r1,72,73,01,b;,0;
Tlvriarj7b17b27b3
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.b]
O
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In each partition class at least 3 vertices: CE =— RS

True for complete bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete multipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete multipartite graphs.

Use bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete multipartite graphs.

Use bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete multipartite graphs.

Use bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete multipartite graphs.

Use bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete multipartite graphs.

Use bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete multipartite graphs.

Use bipartite graphs.
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In each partition class at least 3 vertices: CE =— RS

True for complete multipartite graphs.

Use bipartite graphs.

bttt
NN e e e e
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Conclusion (Which isomorphisms are relevant?)

A ERN

For complete
multipartite graphs:

RS + CO => strong iso.

If each partition class
has > 3 vertices:

CE=>RS
CR => ERS
CO => strong iso.
For Ky,: ERS => (CE)
strong iso.! d_o
1) [O. Aichholzer, M.K. Chiu, H. Hoang, M. Hoffmann, J. Kyné&l, Y. Maus, B. Vogtenhuber, A.W. 2023]
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For complete
multipartite graphs:

RS + CO => strong iso.

If each partition class
has > 3 vertices:
CE=>RS

CR => ERS

CO => strong iso.

For K»,,: ERS =>

- 1
strong 1so.
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Combinations that do not imply others
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Combinations that do not imply others

CE-iso., not RS-iso., not CO-iso. not CR-iso. — Only possible for K5 ,,
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Combinations that do not imply others

CE-iso.,|not RS-iso.| not CO-iso. not CR-iso. — Only possible for K5 ,,
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Combinations that do not imply others

RS-iso., not CE-iso.
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Combinations that do not imply others

RS-iso., not CE-iso.

1
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Combinations that do not imply others

CE-iso. + RS-iso., not CR-iso. (not CO-iso.)
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Combinations that do not imply others
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Combinations that do not imply others

ERS-iso., not CO-iso. — Only possible if all partition classes > 3
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Combinations that do not imply others

CR-iso., not RS-iso. not CO-iso. — Only possible for Ks ,,
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Combinations that do not imply others

Labelled: CR-iso. and RS.-iso, not ERS-iso. not CO-iso. — Only
possible for Ko

-
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Combinations that do not imply others

CO-iso., not RS-iso, not CR-iso. — Only possible for Ks ,

Isomorphisms of simple drawings of complete multipartite graphs GD’'23 O. Aichholzer, B. Vogtenhuber, and A. Weinberger m




Combinations that do not imply others

CO-iso., CR-iso., not RS-iso, — Only possible for K ,,
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Proof ideas

RS + CO => strong iso.

If each partition class
has > 3 vertices:
CE=>RS

CR => ERS

CO => strong iso.

For Ko,,: ERS =>
strong iso.?

1) [O. Aichholzer, M.K. Chiu, H. Hoang, M. Hoffmann, J. Kyné&l, Y. Maus, B. Vogtenhuber, A.W. 2023]
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Proof ideas

For complete
multipartite graphs:

Show for graphs < 4 and K 3,
‘then proof by contradiction (finding a
'contradicting K> 3')

RS + CO => strong iso.

If each partition class
has > 3 vertices:

CE => RS Show for K3 3,

CR => ERS _ |<_'then proof by contradiction (finding a
CO => strong iso. 'contradicting K5 3')

For K2.,,: ERS =>

strong iso.?
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Proof ideas

For complete
multipartite graphs:

Show for graphs < 4 and K 3,
‘then proof by contradiction (finding a
'contradicting K> 3')

RS + CO => strong iso.

If each partition class
has > 3 vertices:

CE => RS Show for K3 3,

CR => ERS | I<_'then proof by contradiction (finding a
CO => strong iso. - 'contradicting K> 3')

For Ko, ERS =>
strong iso.?

Near-direct corollary
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Proof ideas

For complete
multipartite graphs:

Show for graphs < 4 and K 3,
‘then proof by contradiction (finding a
'contradicting K> 3')

RS + CO => strong iso.

If each partition class

has > 3 vertices: Let's look at a sketch of this one :-)
CE => RS

Show for K3 3,
CR => ERS D i

then proof by contradiction (finding a
x 'contradicting K> 3')

CO => strong iso.

For Ko,,: ERS =>
strong iso.?

Near-direct corollary

1) [O. Aichholzer, M.K. Chiu, H. Hoang, M. Hoffmann, J. Kyné&l, Y. Maus, B. Vogtenhuber, A.W. 2023]
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CO+RS == strong isomorphism

Unlabelled drawings of graphs with n < 4
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CO+RS == strong isomorphism

Unlabelled drawings of graphs with n < 4
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CO+RS == strong isomorphism

Unlabelled drawings of graphs with n < 4
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CO+RS == strong isomorphism

True for all labelled drawings of K5 3 (and thus also all unlabelled

drawings).
r1

b3

1
9
b3 §
1
T23§
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CO+RS == strong isomorphism

Recall: ERS+CO = strong isomorphism
What can go wrong? Crossing rotation.
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CO+RS == strong isomorphism

Recall: ERS+CO = strong isomorphism

What can go wrong? Crossing rotation.

Assume a crossing is s.t. ERS is not the same. Look at a K3 3 that
contains that crossing.

r.><.b T}ﬂb
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CO+RS == strong isomorphism

Recall: ERS+CO = strong isomorphism

What can go wrong? Crossing rotation.

Assume a crossing is s.t. ERS is not the same. Look at a K3 3 that
contains that crossing.
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CO+RS = strong isomorphism

Recall: ERS+CO = strong isomorphism

What can go wrong? Crossing rotation.
Assume a crossing is s.t. ERS is not the same. Look at a K3 3 that

contains that crossing.

b 7 %

wdv i
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In each partition class at least 3 vertices: CO = strong iso.

CO-iso. = CE-iso. = RS-iso.
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In each partition class at least 3 vertices: CO = strong iso.

CO-iso. = CE-iso. = RS-iso.

CO-iso. + RS-iso. = strong iso.
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n each class at least 3: CR = ERS

True for (labelled) drawings of K3 3.
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n each class at least 3: CR = ERS

True for (labelled) drawings of K3 3.

CR-iso. = CE-iso. =— RS-iso.
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n each class at least 3: CR = ERS

True for (labelled) drawings of K3 3.

CR-iso. = CE-iso. =— RS-iso.

What could go wrong? Crossing rotations are inverse RS is same (or CR
the same, RS inverse)
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n each class at least 3: CR = ERS

True for (labelled) drawings of K3 3.

CR-iso. = CE-iso. =— RS-iso.

What could go wrong? Crossing rotations are inverse RS is same (or CR
the same, RS inverse)

If CR same, RS inverse = also in every K3 3-subdrawing.
Contradiction!
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Remark on connection of rotations and degrees

T1- b1
1. bl
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Remark on connection of rotations and degrees

T1- b1 b2
1. bl bQ
b1 bQ b2 bl
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Remark on connection of rotations and degrees

T1- b1 b2 b3
1. bl bg bg
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Remark on connection of rotations and degrees

T1- b1 b2 b3 b4
1. bl b4 bg bz
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Describing simple drawings — Types of isomorphism

7 01 Rotation ... Cyclical order of
\ rs incident edges
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Describing simple drawings — Types of isomorphism

Rotation ... Cyclical order of
Incident edges
Rotation around 71: b1 bs b3
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Describing simple drawings — Types of isomorphism

rs Incident edges

& 01 Rotation ... Cyclical order of
Rotation around 71: b1 bs b3

Rotation System ... Collection of
the rotations of all vertices.
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Describing simple drawings — Types of isomorphism

rs Incident edges

& 01 Rotation ... Cyclical order of
Rotation around 71: b1 by bs

Rotation System ... Collection of
the rotations of all vertices.

Two labelled simple drawings are
RS-isomorphic iff they have the
same or Inverse rotation systems.
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Describing simple drawings — Types of isomorphism

01 Rotation ... Cyclical order of

r
\ s Incident edges
Rotation around 71: b1 bs b3

Rotation System ... Collection of
the rotations of all vertices.

Two labelled simple drawings are
RS-isomorphic iff they have the
same or Inverse rotation systems.
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Describing simple drawings — Types of isomorphism

T by Two labelled simple drawings are
\ 3 RS-isomorphic iff they have the
same or Inverse rotation systems.
To U
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Describing simple drawings — Types of isomorphism

T by Two labelled simple drawings are
‘ "3

RS-1somorphic iff they have the
same or Inverse rotation systems.

bi: r1 T3 1o by: r1 T2 T3
b ry T3 T9 bo L T2 T3
b3 rL Trs T2 b3 ry T2 T3
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Describing simple drawings — Types of isomorphism

T by Two labelled simple drawings are
\ "3

RS-1somorphic iff they have the
same or Inverse rotation systems.

py b1:oT1oT3 T by: r1 T2 T3
b ry T3 T9 bo L T2 T3
b3 rL Trs T2 b3 ry T2 T3
>
bo
b3
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Describing simple drawings — Types of isomorphism

Rotation ... Cyclical order of
Incident edges
Rotation around 71: b1 bs b3
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Describing simple drawings — Types of isomorphism

Rotation ... Cyclical order of
Incident edges

Rotation around 71: b1 bs b3
Rotation around Ci1:- T bl b2 T9
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Describing simple drawings — Types of isomorphism

T 01 Rotation ... Cyclical order of
c1 rs Incident edges
Rotation around 71: b1 by bs
o\ 2 Rotation around c1: 71 by by 15
b Two labelled simple drawings are

CR-1somorphic iff either all crossings
have the same rotations or all
crossings have inverse rotations.
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Describing simple drawings — Types of isomorphism

T 01 Rotation ... Cyclical order of
c1 rs Incident edges
Rotation around 71: b1 by bs
o\ 2 Rotation around c1: 71 by by 15
b Two labelled simple drawings are

CR-1somorphic iff either all crossings
have the same rotations or all
crossings have inverse rotations.
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Describing simple drawings — Types of isomorphism

Rotation ... Cyclical order of
Incident edges

Rotation around 71: b1 by bs
Rotation around cq1: 71 b1 by 79

Extended rotation system ...
Collection of the rotations of all
vertices and crossings.

. Isomorphisms of simple drawings of complete multipartite graphs GD’'23 O. Aichholzer, B. Vogtenhuber, and A. Weinberger m




Describing simple drawings — Types of isomorphism

Extended rotation system ...
Collection of the rotations of all
vertices and crossings.

T . b1 bQ bg
To . bl b2 bg
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Describing simple drawings — Types of isomorphism

Rotation ... Cyclical order of
Incident edges

Rotation around 71: b1 by bs
Rotation around cq1: 71 b1 by 79

Extended rotation system ...
Collection of the rotations of all
vertices and crossings.
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Describing simple drawings — Types of isomorphism

Rotation ... Cyclical order of
Incident edges

Rotation around 71: b1 by bs
Rotation around cq1: 71 b1 by 79

Extended rotation system ...
Collection of the rotations of all
vertices and crossings.

Two labelled simple drawings are
ERS-isomorphic iff they have the
same or inverse extended rotation
systems.

Isomorphisms of simple drawings of complete multipartite graphs GD’'23 O. Aichholzer, B. Vogtenhuber, and A. Weinberger m




Describing simple drawings — Types of isomorphism

Rotation ... Cyclical order of
Incident edges

Rotation around 71: b1 by bs
Rotation around cq1: 71 b1 by 79

Extended rotation system ...
Collection of the rotations of all
vertices and crossings.

Two labelled simple drawings are
ERS-isomorphic iff they have the
same or inverse extended rotation
systems.
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Describing simple drawings — Types of isomorphism

Rotation ... Cyclical order of
Incident edges

Rotation around 71: b1 by bs
Rotation around cq1: 71 b1 by 79

Extended rotation system ...
Collection of the rotations of all
vertices and crossings.

Two labelled simple drawings are
ERS-isomorphic iff they have the
same or inverse extended rotation
systems.
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Describing simple drawings — Types of isomorphism

Two labelled simple drawings are CE-isomorphic (a.k.a. weakly
isomorphic) iff they have the same crossing edge pairs.
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Describing simple drawings — Types of isomorphism

Two labelled simple drawings are CE-isomorphic (a.k.a. weakly
isomorphic) iff they have the same crossing edge pairs.

Two labelled simple drawings are CO-isomorphic iff for each edge the
order in which it crosses other edges Is the same.

T b3
o) O
I'le @),
O o
b r3
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Describing simple drawings — Types of isomorphism

Two labelled simple drawings are CE-isomorphic (a.k.a. weakly
isomorphic) iff they have the same crossing edge pairs.

Two labelled simple drawings are CO-isomorphic iff for each edge the
order in which it crosses other edges Is the same.

r b3
T2 b3 ; T
@ (] r - bl
A~ b
7“1. !bl — 7413 rg .2
2
bl! YA

O o

b2 r3

.b?) .1“2
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Describing simple drawings — Types of isomorphism

Two labelled simple drawings are CE-isomorphic (a.k.a. weakly
isomorphic) iff they have the same crossing edge pairs.

Two labelled simple drawings are CO-isomorphic iff for each edge the
order in which it crosses other edges Is the same.

2 b3 T3 b2
o) O ® 0

T e @), %’0 T ® m 0
A o
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Describing simple drawings — Types of isomorphism

Two labelled simple drawings are strongly isomorphic iff
there exists a homeomorphism of the sphere such that one drawing is
mapped to the other.
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Describing simple drawings — Types of isomorphism

Two labelled simple drawings are iff

there exists a homeomorphism of the sphere such that one drawing is
mapped to the other.

Two labelled simple drawings of connected graphs on the sphere
are ("the same’) iff

1. They are ERS-isomorphic and

2. CO-isomorphic.v

1) [J. Kyn&l 2011]

Isomorphisms of simple drawings of complete multipartite graphs GD’'23 O. Aichholzer, B. Vogtenhuber, and A. Weinberger m




Describing simple drawings — Types of isomorphism

Two labelled simple drawings are iff

there exists a homeomorphism of the sphere such that one drawing is
mapped to the other.

Two labelled simple drawings of connected graphs on the sphere
are ("the same’) iff

1. They are ERS-isomorphic and

2. CO-isomorphic.v

simple drawings are isomorphic w.r.t. some type of

isomorphism iff 4 labeling s.t. labelled drawings are isomorphic w.r.t.
that type.

1) [J. Kyn&l 2011]
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Implications between isomorphisms
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Implications between isomorphisms
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Implications between isomorphisms

(CE)
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Implications between isomorphisms

RN

(CE)
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Implications between isomorphisms

RN

(CE)
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Implications between isomorphisms

RN

(CE)
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Implications between isomorphisms

For the complete graph: A

(CE)
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Implications between isomorphisms

For the complete graph: A

ERS <=> RS <=> CE

[E. Gioan 2005, 2022], [J. Kyn&l 2013]

(CE)
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Implications between isomorphisms

For the complete graph: m

ERS <=> RS <=> CE

[E. Gioan 2005, 2022], [J. Kyn&l 2013]

D (CE)
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Implications between isomorphisms

AN

For the complete graph:

ERS <=> RS <=> CE

[E. Gioan 2005, 2022], [J. Kyn&l 2013]

J

D (CE)

Isomorphisms of simple drawings of complete multipartite graphs GD’23 O. Aichholzer, B. Vogtenhuber, and A. Weinberger m




Implications between isomorphisms

multipartite graphs:

(CE)
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Implications between isomorphisms

multipartite graphs:

(CE)
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Implications between isomorphisms

multipartite graphs:

RS + CO => strong iso.

(CE)
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Implications between isomorphisms

multipartite graphs:

RS + CO => strong iso.

(CE)
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Implications between isomorphisms

multipartite graphs:

RS + CO => strong iso.

If each partition class
has > 3 vertices:
CE=>RS

CR => ERS

CO => strong iso.

(CE)
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Implications between isomorphisms

multipartite graphs:

RS + CO => strong iso.

If each partition class
has > 3 vertices:
CE=>RS

CR => ERS

CO => strong iso.

=2 (CE)
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